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Abstract
We have investigated effects of interaction terms on non-perturbative particle
production. It is well known that time-varying masses induce abundant particle
production. In this paper we have shown that it is possible to induce particle pro-
duction even if the mass term of a particle species is not varying in time. Such
particles are produced through the interactions with other fields, whose mass terms
are varying due to a time-dependent background. The necessary formalism has been
introduced and analytic and numerical calculations have been performed in a simple
but illustrative model. The rather general result is that the amount of produced par-
ticles without time-dependent masses can be comparable with the particle density
produced directly by the varying background if the strength of interaction terms is
reasonably large.
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1 Introduction
In a free quantum theory particle numbers of various species are conserved. However,
if there is a time varying background or a source term in the system, particle number
conservation gets broken and particles are produced by non-perturbative effects. It is
well known that an oscillating electric field causes production of pairs of electrons [1],
and time-varying or inhomogeneous metric causes gravitational particle production [2, 3].
In this context the period of post-inflationary preheating, when particles coupled to the
inflaton field are produced on the expense of coherently oscillating inflaton background, is
quite interesting for both particle physics and cosmology because the phenomenon not only
marks the end of inflation but also produces matter constituting our observable Universe
[4, 5]. In this paper we are interested in non-gravitational particle production with a
signficant role of interaction (non-quadratic) terms.
The basic mechanism of particle production can be explained with the help of a simple
model [6]:
L = |∂φ|2 + 1
2
(∂χ)2 − 1
2
g2 |φ|2 χ2, (1.1)
where φ and χ are respectively a complex and a real bosonic field, and g is a real coupling
constant. Lagrangian (1.1) may for example describe the coupling between inflaton φ and
a Standard Model field χ resulting in production of visible particles. In this model χ = 0
becomes a special kind of point in the phase space where the other field becomes effectively
massless.1 Especially, in case of 〈χ〉 = 0, particle vacuum can be realized for an arbitrary
value of φ. Let us consider the case with φ having a time-dependent vacuum expectation
value (vev) 〈φ〉. Asymptotically, when quantum effects can be neglected, one can choose
a vacuum solution of (1.1) in the form of uniform motion:
〈φ〉 = vt + iµ, (1.2)
where a real v represents a velocity in the φ-space and a real µ is an impact parameter
measuring the distance of the classical trajectory from the (massless) point φ = 0. When
this trajectory approaches the massless point within the circle |〈φ〉| <∼
√
v/g, which is the
non-adiabaticity condition for χ, mass of χ becomes very small. As a result, kinetic energy
of the background field φ is transferred to the field χ and this leads to the production of
χ particles whose distribution is calculated to be [6],[7]
nk =
(g|v|)3/2
(2pi)3
e
−pi k
2
+g2µ2
g|v| (1.3)
where k is a momentum of a χ particle. Furthermore, an interesting phenomenon occurs
after the initial period of χ particle production. Once particles χ are created, and trajectory
of 〈φ〉 goes away from the massless point, energy density of χ particles can be represented
in the Lagrangian by a term which has a meaning of mass multiplied by number density,
i.e.
ρχ ∼ g |〈φ〉|
∫
d3k
(2pi)3
nk. (1.4)
This implies that a linear potential is established in the field space. Due to the force exerted
by this term in the Lagrangian, after a while trajectory of 〈φ〉 may go back towards the
1Of course, also 〈φ〉 = 0 has the same properties.
1
origin and χ particles can be produced again. Finally, after a number of cycles, trajectory
〈φ〉 may get trapped near the massless point.
Our main goal in this paper is to extend above considerations to the case where inter-
actions between fields are significant and may become a leading effect, for instance in the
absence of the effective mass terms. As an illustrative example we take a simple super-
symmetric generalisation of the model (1.1) with unbroken global supersymmetry. In such
a case, fermionic particles ψφ and ψχ, which are superpartners of φ and χ, are added to
the previous theory. As we will discuss later, if φ has a vev then χ and ψχ obtain masses
proportional to |〈φ〉|, while ψφ stays massless. It is easy to see that χ and ψχ particles are
produced. On the other hand, the mass of ψφ is not varying with time since it is absent
from the Lagrangian. However, since the theory we consider has more interactions, e.g.
χψφψχ, we shall need to understand their effect on particle production. As a result, we
will find that massless particle can in fact be produced due to interactions.
Outline of the paper is as follows. Section 2 presents the general framework used to
calculate number density of produced particles in case of existence of the interaction terms
and quantum corrections in the theory; general form of Bogoliubov transformation is also
described there. Section 3 focuses on application of the method described in Section 2 to
the particular supersymmetric model in both analytical and numerical approach. Rather
technical Subsection 3.1 defines precisely asymptotic fields and Bogoliubov transformations
in our model.
2 Quantum corrections to particle production
Before we analyse a specific model, let us formulate the general recipe for calculation of the
number of produced particles in the presence of quantum corrections. At first we define
an occupation number of particles with momentum k as
nk ≡
〈
0in
∣∣∣aout†k aoutk ∣∣∣ 0in〉 , (2.1)
where
∣∣0in〉 is an in-state vacuum, and aoutk is an annihilation operator defined by an out-
state of vaccum. In order to calculate this quantity, one employs usually the method of
Bogoliubov transformation. With this method one establishes the relation between aink and
aoutk in the form
aoutk = αka
in
k + βka
in†
k , (2.2)
where αk and βk are complex functions of |k|. However, calculation of the Bogoliubov
coefficients becomes tricky when theory has large interaction terms. Then, because the
out-state is affected by other fields via interaction terms, the aoutk shall contain information
about all field operators in the interacting model, not only about its own field operator.
In this section we will discuss how the Bogoliubov coefficients are calculated in a com-
plete interacting model. Let us begin with a real scalar field Ψ. We assume that the scalar
field operator satisfies the following commutation relation[
Ψ(t,x), Ψ˙(t,y)
]
= iδ3(x− y) (2.3)
and equation of motion is of the form
2
0 =
(
∂2 +M2(x)
)
Ψ(x) + J(x), (2.4)
whereM is a mass of Ψ which is a classical number (i.e. not an operator), and J is a source
term which is an operator consisting of Ψ or other fields. In general M may be a function
of space-time coordinates x, but here we assume only time-dependence for simplicity: M =
M(x0).
Equation (2.4) has a formal solution known as Yang-Feldman equation [8] given as
Ψ(x) =
√
ZΨas(x)− iZ
∫ x0
tas
dy0
∫
d3y [Ψas(x),Ψas(y)]J(y), (2.5)
where Ψas is called an asymptotic field which satisfies free field equation
0 =
(
∂2 +M2
)
Ψas (2.6)
and Z denotes the field renormalization constant.
In general, source term J is a function of interacting field operator. However, one can
obtain a sequentially-iterated result from this formal solution substituting (2.5) back to J
again. In particular, if we take x0 = tas , (2.5) becomes
Ψ(tas,x) =
√
ZΨas(tas,x). (2.7)
Therefore tas denotes a specific point of time when an interacting field Ψ can be regarded
as a free field Ψas. Using this relation one can represent the out-field (defined at tas =
+∞ ≡ tout) by the in-field (defined at tas = −∞ ≡ tin) as follows:
Ψout(tout,x) = Ψin(tout,x)− i
√
Z
∫
d4y
[
Ψin(tout,x),Ψin(y)
]
J(y). (2.8)
One can see that out-field operator depends not only on the in-field but also on the source
term which contains interaction effects.
Since (2.6) is a free field equation of motion, solution of Ψas can be expanded into wave
functions as
Ψas(x) =
∫
d3k
(2pi)3
eik·x
[
Ψask (x
0)aask +Ψ
as∗
k (x
0)aas†−k
]
, (2.9)
where aask is an annihilation operator which, following equation (2.6), satisfies commutation
relation [
aask , a
as†
k′
]
= (2pi)3δ3(k− k′), (other relations) = 0 (2.10)
and Ψask (where k ≡ |k|) is a time dependent wave function which satisfies
0 = Ψ¨ask + (k
2 +M2)Ψask . (2.11)
Using commutation relations (2.3) and (2.10), one can obtain a time-independent inner
product relation 2 for the wave function:
Ψ˙as∗k Ψ
as
k −Ψas∗k Ψ˙ask = i/Z. (2.12)
With this formula one can extract aask from Ψ
as as follows:
2Time independence can be shown if one takes time derivative of equation (2.12) and then uses equation
of motion.
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aask = −iZ
∫
d3xe−ik·x
(
Ψ˙as∗k Ψ
as −Ψas∗k Ψ˙as
)
. (2.13)
It means that a component along the Ψask -direction is projected out of Ψ
as by means of the
inner product (2.12). Relation (2.13) for out-states can be obtained using (2.8) as
aoutk = αka
in
k + βka
in†
−k (2.14)
−Z3/2
∫
d3xe−ik·x
∫
d4y
[
Ψ˙out∗k (x)Ψ
in(x)−Ψout∗k (x)Ψ˙in(x),Ψin(y)
]
J(y)
or
aoutk = αka
in
k + βka
in†
−k
−i
√
Z
∫
d4xe−ik·x
(−βkΨink (x0) + αkΨin∗k (x0)) J(x), (2.15)
where time-independent coefficients αk and βk are defined as
αk ≡ −iZ
(
Ψ˙out∗k Ψ
in
k −Ψout∗k Ψ˙ink
)
, (2.16)
βk ≡ −iZ
(
Ψ˙out∗k Ψ
in∗
k −Ψout∗k Ψ˙in∗k
)
. (2.17)
From these relations one learns how much of Ψoutk or Ψ
out∗
k can be found in Ψ
in
k . Thus one
can regard αk and βk as the Bogoliubov coefficients, which satisfy the following properties:
Ψoutk = α
∗
kΨ
in
k − β∗kΨin∗k , (2.18)
Ψink = αkΨ
out
k + β
∗
kΨ
out∗
k , (2.19)
and proper normalization
|αk|2 − |βk|2 = 1. (2.20)
Hence, formulae (2.14) and (2.15) represent a Bogoliubov transformation law generalized
to the case of interacting theory. First two terms in these expressions correspond to the
usual Bogoliubov transfomation law arising from the time (or space) variation of masses
in the Lagrangian and has nothing to do with the source operator J(x). The third term
describes the effects coming from interaction terms (quantum corrections).
Finally, expression (2.15) enables us to establish the formula for the occupation number
of produced particles in case of interacting theory
nk ≡
〈
0in
∣∣∣aout†k aoutk ∣∣∣ 0in〉 (2.21)
=
∣∣∣∣
(
βka
in†
−k − i
√
Z
∫
d4xe−ik·x
(−βkΨink + αkΨin∗k ) J
) ∣∣0in〉∣∣∣∣
2
=
{
V · |βk|2 + · · · (βk 6= 0)
0 + Z
∣∣∫ d4xe−ik·xΨin∗k J ∣∣0in〉∣∣2 (βk = 0) ,
where V is the volume of the system. This result shows that because of the interaction
effects particle production can be induced in both cases, βk = 0 and βk 6= 0, even though
the leading term of nk for βk = 0 is equal to zero.
Analogous results hold for fermions, with a different commutation relation.
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3 Application to a supersymmetric toy model
In this section we consider production of particles in a specific model. For the sake of
simplicity we assume unbroken supersymmetry and the superpotential
W =
1
2
gΦX2, (3.1)
where Φ and X are chiral superfields which interact with a coupling strength g. Corre-
sponding interaction lagrangian reads
Lint = −g2|φ|2|χ|2 − 1
4
g2|χ|4 −
(
1
2
gφψχψχ + gχψφψχ + h.c.
)
, (3.2)
where φ/ψφ and χ/ψχ are the scalar/fermion components of Φ and X supermultiplets
respectively. The massless point is χ = ψψ = ψχ = 0 and φ can have an arbitrary value
there. Therefore if φ has a vev 〈φ〉 ≡ 〈0in |φ| 0in〉, then χ and ψχ are given a mass g 〈φ〉
but as we quantize a deviation from the vev, φ˜ ≡ φ− 〈φ〉, φ˜ and ψφ remain massless.
There are two simplifications when one restricts oneself to this toy model. The first
one is that we can calculate number of produced particles without worrying about mass
counterterms due to supersymmetry. The second is that this is a minimal supersymmetric
model which contains not only fields with time-varying masses but also massless fields.
These facts indicate that the Bogoliubov coefficient βk for massive fields (χ, ψχ) becomes
non-zero, on the other hand, βk = 0 for the massless fields (φ˜, ψφ). As shown in the
previous section, it is possible to produce these massless particles even if βk = 0 due to
interaction effects. Therefore we can compare the produced particle number in all cases
between βk 6= 0 and βk = 0.
3.1 Bogoliubov transformation
In this, rather technical, section we demonstrate derivation of the Bogoliubov transforma-
tion laws for all component fields present in the Lagrangian (3.2). The procedure follows
steps outlined in Section 2.
From (3.2) one obtains a set of usual equations of motion:
0 = ∂2φ+ J†φ, (3.3)
0 =
(
∂2 + g2 |〈φ〉|2)χ+ J†χ,
0 = iσ¯µ∂µψφ − J†ψφ ,
0 = iσ¯µ∂µψχ − g
〈
φ†
〉
ψ†χ − J†ψχ ,
with source terms given as
J†φ ≡ g2|χ|2φ+
1
2
gψ†χψ
†
χ, (3.4)
J†χ ≡ g2
(|φ|2 − |〈φ〉|2)χ+ 1
2
g2|χ|2χ+ gψ†χψ†φ,
J†ψφ ≡ gχ†ψ†χ,
J†ψχ ≡ g
(
φ† − 〈φ†〉)ψ†χ + gχ†ψ†φ.
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In the above formulae we took into account the possible influence of the vev 〈φ〉 on χ and
ψχ masses.
Following (3.4) we can obtain the Yang-Feldman equations for scalar fields as
φ(x) =
√
Zφφ
as(x)− iZφ
∫ x0
tas
dy0
∫
d3y [φas(x), φas∗(y)]J†φ(y), (3.5)
χ(x) =
√
Zχχ
as(x)− iZχ
∫ x0
tas
dy0
∫
d3y [χas(x), χas∗(y)]J†χ(y). (3.6)
Analgous equations for fermions read
ψφα(x) =
√
Zψφψ
as
φα(x)− iZψφ
∫ x0
tas
dy0
∫
d3y
{
ψasφα(x), ψ
as†
φβ˙
(y)
}
J†β˙ψφ(y), (3.7)
ψχα(x) =
√
Zψχψ
as
χα(x)− iZψχ
∫ x0
tas
dy0
∫
d3y
×
({
ψasχα(x), ψ
as†
χβ˙
(y)
}
J†β˙ψχ(y) +
{
ψasχα(x), ψ
asβ
χ (y)
}
Jψχβ(y)
)
.
Asymptotic fields, by definition, can be regarded as free fields what enables us to expand
them into plane waves. Such decomposition for bosons differs only by a vev (〈χ〉 = 0 while
〈φ〉 6= 0)
φas = 〈0as |φas| 0as〉+
∫
d3k
(2pi)3
eik·x
(
φask a
+,as
φk + φ
as∗
k a
−,as†
φ−k
)
, (3.8)
χas =
∫
d3k
(2pi)3
eik·x
(
χask a
+,as
χk + χ
as∗
k a
−,as†
χ−k
)
, (3.9)
whereas for fermions we are obliged to take into account also helicity (see Appendix)
ψasφ =
∫
d3k
(2pi)3
eik·x
(
e+kψ
as
φka
+,as
ψφk
+ e−kψ
as∗
φk a
−,as†
ψφ−k
)
, (3.10)
ψasχ =
∫
d3k
(2pi)3
eik·x
∑
s=±
esk
(
ψ
(+)s,as
χk a
s,as
ψχk
− se−iθkψ(−)s,as∗χk as,as†ψχ−k
)
, (3.11)
Here superscript ”as” denotes the wave functions satisfying the following set of equations
of motion
0 = φ¨ask + k
2φask , (3.12)
0 = χ¨ask +
(
k2 + g2 |〈φ〉|2)χask ,
0 = ψ˙asφk + i|k|ψasφk,
0 = ψ˙
(+)s,as
χk + is|k|ψ(+)s,asχk + ig
〈
φ†
〉
ψ
(−)h,as
χk ,
0 = ψ˙
(−)s,as
χk − is|k|ψ(−)s,asχk + ig 〈φ〉ψ(+)h,asχk
and one has commutation relation for scalars and anticommutation relation for fermions
of the form [
as,asφk , a
r,as†
φk′
]
=
[
as,asχk , a
r,as†
χk′
]
= (2pi)3δ3(k− k′)δsr, (3.13)
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{
as,asψφk, a
r,as†
ψφk′
}
=
{
as,asψχk, a
r,as†
ψχk′
}
= (2pi)3δ3(k− k′)δsr. (3.14)
In the above formulae ± labels distinguish between a particle and antiparticle for scalars
and indicate the helicity of fermions.
Using the established commutation relation one can obtain inner product relations
obeyed by the components of wave functions for all species:
i = Zφ
(
φ˙as∗k φ
as
k − φas∗k φ˙ask
)
, (3.15)
i = Zχ (χ˙
as∗
k χ
as
k − χas∗k χ˙ask ) ,
(3.16)
for scalars and
1 = Zψφ
∣∣ψasφk∣∣2 , (3.17)
1 = Zψχ
(∣∣∣ψ(+)s,asχk ∣∣∣2 + ∣∣∣ψ(−)s,asχk ∣∣∣2
)
,
for fermions.
With these products one can extract the expressions for annihilation operators using
respective Yang-Feldman equations with tas = tout ≡ +∞:
a+,outφk = −iZ
∫
d3xe−ik·x
[
φ˙out∗k
(
φout − 〈0out ∣∣φout∣∣ 0out〉)
−φout∗k
(
φ˙out −
〈
0out
∣∣∣φ˙out∣∣∣ 0out〉)] , (3.18)
a−,out†φ−k = +iZ
∫
d3xe−ik·x
[
φ˙outk
(
φout − 〈0out ∣∣φout∣∣ 0out〉)
−φoutk
(
φ˙out −
〈
0out
∣∣∣φ˙out∣∣∣ 0out〉)] ,
a+,outχk = −iZχ
∫
d3xe−ik·x
(
χ˙out∗k χ
out − χout∗k χ˙out
)
,
a−,out†χ−k = +iZχ
∫
d3xe−ik·x
(
χ˙outk χ
out − χoutk χ˙out
)
,
a+,outψφk = Zψφ
∫
d3xe−ik·xψout∗φk · e+†k σ¯0ψoutφ ,
a−,out†ψφ−k = Zψφ
∫
d3xe−ik·xψoutφk · e−†k σ¯0ψoutφ ,
as,outψχk = Zψφ
∫
d3xe−ik·x
(
ψ
(+)s,out∗
χk · es†k σ¯0ψoutχ
+se−iθkψ
(−)s,out
χk · ψout†χ σ¯0es−k
)
.
Also the relation between in and out states, leading to the Bogoliubov transformation,
can be found:
φout(tout,x) = φin(tout,x)− i√Zφ
∫
d4y
[
φin(tout,x), φin†(y)
]
J†φ(y), (3.19)
χout(tout,x) = χin(tout,x)− i
√
Zχ
∫
d4y
[
χin(tout,x), χin†(y)
]
J†χ(y),
7
for scalars and
ψoutφα (t
out,x) = ψinφα(t
out,x)− i
√
Zψφ
∫
d4y
{
ψinφα(t
out,x), ψin†
φβ˙
(y)
}
J†β˙ψφ(y), (3.20)
ψoutχα (t
out,x) = ψinχα(t
out,x)− i
√
Zψχ
∫
d4y
({
ψinχα(t
out,x), ψin†
χβ˙
(y)
}
J†β˙ψχ(y)
+
{
ψinχα(t
out,x), ψinβχ (y)
}
Jψχβ(y)
)
,
for fermions.
Putting together available information we can now derive the following Bogoliubov
tranformation rules for scalar φ:
a+,outφk =
〈
a+,outφk
〉
+ a+,inφk − i
√
Zφ
∫
d4xe−ik·xφout∗k
(
J†φ −
〈
J†φ
〉)
, (3.21)
a−,out†φ−k =
〈
a−,out†φ−k
〉
+ a−,in†φ−k + i
√
Zφ
∫
d4xe−ik·xφoutk
(
J†φ −
〈
J†φ
〉)
,
and for scalar χ:
a+,outχk = αχka
+,in
χk + βχka
−,in†
χ−k − i
√
Zχ
∫
d4xe−ik·xχout∗k J
†
χ, (3.22)
a−,out†φ−k = β
∗
χka
+,in
χk + α
∗
χka
−,in†
χ−k + i
√
Zχ
∫
d4xe−ik·yχoutk J
†
χ,
In the fermionic case one finds for the ψφ field:
a+,outψφk = a
+,in
ψφk
− i
√
Zψφ
∫
d4xe−ik·xψout∗φk · e+†k J†ψφ , (3.23)
a−,out†ψφ−k = a
−,in†
ψφ−k
− i
√
Zψφ
∫
d4xe−ik·xψoutφk · e−†k J†ψφ.
and for the ψχ:
as,outψχk = αχka
s,in
ψχk
+ βχka
s,in†
ψχ−k
−i
√
Zψχ
∫
d4xe−ik·x
(
ψ
(+)s,out∗
χk · es†k J†ψχ
+se−iθkψ
(−)s,out∗
χk · es−kJψχ
)
. (3.24)
The Bogoliubov coefficients for massive fields are given by
αχk ≡ −iZχ
(
χ˙out∗k χ
in
k − χout∗k χ˙ink
)
, (3.25)
βχk ≡ −iZχ
(
χ˙out∗k χ
in∗
k − χout∗k χ˙in∗k
)
,
for scalars and
αsψχk ≡ Zψχ
(
ψ
(+)s,out∗
χk ψ
(+)s,in
χk + ψ
(−)s,out∗
χk ψ
(−)s,in
χk
)
, (3.26)
βsψχk ≡ −Zψχse−iθk
(
ψ
(+)s,out∗
χk ψ
(−)s,in∗
χk − ψ(−)s,out∗χk ψ(+)s,in∗χk
)
,
for fermions.
It should be noted, that the usual Bogoliubov coefficients are absent in case of massless
field φ and ψφ. The reason is that their mass terms do not change with time and their
equations of motion can be solved over the whole time interval. Therefore the form of wave
functions in the in-state and in the out-state is the same, i.e. φink (t) = φ
out
k (t) and ψ
in
φk(t) =
ψoutφk (t), hence the Bogoliubov coefficients βk for φ and ψφ should vanish indeed.
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3.2 Analytical results
For massive particles χ and ψχ, the leading results for occupation numbers are calculated,
using the framework described in Section 2, to be:
nχk ≡
∑
s=±
〈
0in
∣∣∣as,out†χk as,outχk ∣∣∣ 0in〉 = V · 2 |βχk|2 + · · · , (3.27)
nψχk ≡
∑
s=±
〈
0in
∣∣∣as,out†ψχk as,outψχk
∣∣∣ 0in〉 = V ·∑
s=±
∣∣∣βsψχk∣∣∣2 + · · · , (3.28)
where V is the volume of the system. The factor 2 in (3.27) counts degrees of freedom for
a complex scalar field. If one takes 〈φ〉 = vt+ iµ as the initial condition, one obtains
|βχ k|2 =
∣∣∣βsψχ k∣∣∣2 ∼ e−pi k2+g2µ2g|v| , (3.29)
using the analytical continuation method as in (1.3). The standard quasi-classical reasoning
leads to the same result for Bogoliubov coefficients in case of fermions and in case of bosons.
As a consequence, we can evaluate the number densities to be
nχ = nψχ =
∫
d3k
(2pi)3
nχk
V
∼ 2× (g|v|)
3/2
(2pi)3
e−pigµ
2/|v|. (3.30)
On the other hand, in the case of production of massless particles φ˜ and ψφ interac-
tion effect in the Bogoliubov transformation formula is the leading contribution, since the
respective Bogoliubov coefficient β is zero. Up to the lowest power of the coupling g, one
finds for the massless scalar:
nφk ≡
∑
s=±
〈
0in
∣∣∣(as,out†φk − 〈as,out†φk 〉) (as,outφk − 〈as,outφk 〉)∣∣∣ 0in〉 ≈
≈ V · g2 ∫ d3p
(2pi)3
[
ZφZ
2
χ
∣∣∣∫ dt φoutk χin|k+p|χinp · g 〈φ∗〉∣∣∣2 + ZφZ2χ ∣∣∣∫ dt φoutk χin|k+p|χinp · g 〈φ〉∣∣∣2
+1
4
ZφZ
2
ψχ
∑
s,r,q
(
1 + rq p·(k+p)
p|k+p|
)
×
∣∣∣∫ dt φoutk ψ(s)r,inχ|k+p|ψ(s)q,inχp ∣∣∣2
]
, (3.31)
and for the massless fermion:
nψφk ≡
∑
s=±
〈
0in
∣∣∣as,out†ψφk as,outψφk
∣∣∣ 0in〉 ≈
≈ V · g2ZχZψφZψχ
∫
d3p
(2pi)3
∑
s,r
1
2
(
1− sr k·p
kp
)
×
∣∣∣∫ dt ψoutφk χin|k+p|ψ(s)r,inχp ∣∣∣2 . (3.32)
The above formulae look complicated but we can find the physical meaning by consid-
ering perturbation theory diagrams. Since the wave function corresponds to an external
line of a diagram, the diagrams corresponding to (3.31) and (3.32) are the ones shown in
the Figure 1. Note that these diagrams can be described as ”inverse decay” processes. One
might suspect that they are forbidden because of conservation of energy and momentum.
However, these processes are actually possible since the background field is time-dependent
and one needs to take into account energy non-conservation in the diagrams representing
quantum processes in this theory. Therefore, at least from the perturbative point of view,
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Figure 1: Diagrams corresponding to particle production. The momentum integrals and
helicity summation are omitted.
we can conclude that the main effect in the massless particle production comes from inverse
decay processes of massive particles in varying external background.
As far as the loop corrections are concerned, their effect on particle production in case
of the weak coupling is supressed by the growing powers of g multiplied by small numerical
loop-factors. In case of a strong coupling this effect becomes much more subtle - loop
contributions to the propagators and vertices considered here can become large and even
growing with time, as argued in [9] and [10]. Discussion of potentially large loop effects
goes beyond the scope of this paper and shall be addressed elsewhere.
It is difficult to evaluate formulae (3.31) and (3.32) analytically (we will show numerical
results in Section 3.3). However, we can find the behaviour of number densities for massless
particles at low momentum (or large vev) if we use rough approximations
χink ∼
1√
2ωk
e−pik
2/2g|v|, ψ
(s)r,in
χk ∼ e−pik
2/2g|v|, ωk ∼ g|v||t|. (3.33)
This clearly corresponds to the exponential supression of (3.29). The above approximations
simplify (3.31) and (3.32) to the form
nφk/V ∼ g2
∫
d3p
(2pi)3
∣∣∣∣
∫
dt
1√
2k
∣∣∣∣
2
e−pip
2/g|v| ∝ g2 · (g|v|)3/2|t|2/k, (3.34)
nψφk/V ∼ g2
∫
d3p
(2pi)3
∣∣∣∣∣
∫
dt
1√
2g|v||t|
∣∣∣∣∣
2
e−pip
2/g|v| ∝ g2 ·
√
g|v||t|. (3.35)
We will use these results later to make fits to numerical results3.
As we mentioned before analytical approach is severely limited in case of particle pro-
duction in interacting theories. Equations to be solved are those determining 〈φ〉 and
in-state wave functions for all available species. For massless ones we can find analytically
that
3Although the result (3.34) shows a quadratic time dependence, which is supported by our numerical
results, there are papers which claim a linear time dependence, e.g. see [9, 10].
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√
Zφφ
in
k (t) =
1√
2|k|e
−i|k|t,
√
Zψφψ
in
φk(t) = e
−i|k|t, (3.36)
but for the massive case analytical solution is impossible and one is left with WKB type
approximate solutions
√
Zχχ
in
k (t) ∼
1√
2ωk(t)
e−i
∫ t dtωk(t′), (3.37)
√
Zψχψ
(+)s,in
χk (t) ∼
1√
2
·
√
1 +
s|k|
ωk(t)
e−i
∫ t dtωk(t′), (3.38)
√
Zψχψ
(−)s,in
χk (t) ∼
〈φ(t)〉√
2 · |〈φ(t)〉|
√
1− s|k|
ωk(t)
e−i
∫ t dtωk(t′), (3.39)
where ωk ≡
√
k2 + g2 |〈φ〉|2. WKB approximation is valid provided the condition |〈φ〉| ≫√
v/g is fulfilled. Once one starts with a large enough vev 〈φ〉, one can safely choose for
these solutions initial conditions in the form:
√
Zχχ
in
k (0) =
1√
2ωk(0)
, χ˙ink (0) = −i
√
ωk(0)
2
, (3.40)
√
Zψχψ
(+)s,in
χk (0) =
1√
2
·
√
1 +
s|k|
ωk(0)
, (3.41)
√
Zψχψ
(−)s,in
χk (0) =
φ(0)√
2 · |φ(0)|
√
1− s|k|
ωk(0)
. (3.42)
We can also assume WKB type solutions also for the out-state wave functions:
√
Zχχ
out
k =
1√
2ωk
e−i
∫ t dt′ωk(t′), (3.43)
√
Zψχψ
(+)s,out
χk =
1√
2
·
√
1 +
sk
ωk
e−i
∫ t dt′ωk(t′), (3.44)
√
Zψχψ
(−)s,out
χk =
〈φ〉√
2 |〈φ〉| ·
√
1− sk
ωk
e−i
∫ t dt′ωk(t′). (3.45)
It is justified because we are still far away from the non-adiabatic region in the phase space.
Determining the vev of φ we consider the backreaction at the level of the asymptotic
field expansion. Limiting ourselves to the 1-loop level in momentum integration we obtain
the following equation fixing 〈φ〉:
0 =
〈
0in
∣∣ ( ∂2φ+ g2 |χ|2 φ+ 1
2
gψ†χψ
†
χ
) ∣∣0in〉 (3.46)
∼
〈
φ¨
〉
+ g
∫
d3p
(2pi)3
(
Zχ
∣∣χinp ∣∣2 · g 〈φ〉 − 12Zψχ
∑
s
ψ(−)s,inχp ψ
(+)s,in∗
χp
)
. (3.47)
Putting together all pieces of information we can obtain approximate expressions for num-
ber densities of produced particles:
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Figure 2: Picture shows our numerical time evolution of |〈φ〉| (right vertical axis) and
number densities (left vertical axis). We took φ(t = 0) = 5.0 + 0.05i, φ˙(t = 0) = −0.5,
g = 1. Values of number density at t = 30 are: nφ = 7.82× 10−4, nχ = 2.77× 10−3, nψφ =
4.26× 10−5, nψχ = 2.78× 10−3.
|βχk|2 ∼
Zχ
(∣∣χ˙ink ∣∣2 + ω2k ∣∣χink ∣∣2)
2ωk
− 1
2
, (3.48)∣∣∣βsψχk∣∣∣2 ∼ 12 + sk2ωkZψχ
(∣∣∣ψ(−)s,inχk ∣∣∣2 − ∣∣∣ψ(+)s,inχk ∣∣∣2
)
− 1
ωk
ZψχRe
(
g 〈φ〉ψ(−)s,in∗χk ψ(+)s,inχk
)
. (3.49)
3.3 Numerical results
Equations describing number density of produced particles, (3.31), (3.32), (3.48) and
(3.49), cannot be solved accurately analytically but are not so difficult to be solved nu-
merically. Numerical results for number densities are shown in the Figure 2. One can see
that particle production occurrs not only for massive particles but also for the massless
ones, as expected. For the produced number of massive species, numerical results show a
good agreement with analytic ones. For reasonable values of free parameters, g = 1, |v| =
0.5, µ = 0.05, one finds analytically: nχ ∼ nψχ ∼ 2.81× 10−3, what is in a good agreement
with our numerical results. Comparing the massless particle number with massive one,
for the above set of parameters, the ratios after the period of production, at t = 30, are
nφ/nχ ∼ 28% for bosons and nψφ/nψχ ∼ 1.5% for fermions.
For comparison, in Figure 3 we also show our numerical results for stronger coupling.
Weak and strong couplings have the usual meaning in this paper but crucial difference
between them is that stronger coupling leads to the trapping effect mentioned earlier while
weak coupling does not. In the case of strong coupling, massless bosons φ are produced
as abundantly as massive bosons χ. One can also observe explicitly the second round of
particle production which is caused by the trapping effect for 〈φ〉. One might wonder why
the produced number density of φ becomes larger than that of massive particles. This may
be an artefact caused by limited accuracy of numerical calculations (only up to terms of
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Figure 3: Time evolution of |〈φ〉| and number densities in case of stronger coupling (g =
2). Other parameters are the same as in the weaker case in Figure 2.
the order of g2). Nevertheless, it is safe to conclude that massless particles can be produced
as abundantly as massive particles provided the necessary couplings are sizeable.
Finally, we show numerical results of distribution function for massless species and their
fitting functions as in Figure 4. The fitting functions are chosen as follows:
nφk/V ∼ 0.16 · g
2
4pi
1
e
√
pik2/g|v| − 1
· g|v|(t− t∗)2
[
sin 0.52k(t− t∗)
0.52k(t− t∗)
]2
, (3.50)
nψφk/V ∼ 0.40 ·
g2
4pi
1
e
√
pik2/g|v| + 1
·
√
g|v|(t− t∗)
[
sin 0.59k(t− t∗)
0.59k(t− t∗)
]2
, (3.51)
where t∗ is the point of time when a trajectory of φ is closest to the massless point (φ =
0). Although these functions have been chosen in such a way that their behaviour at
small momentum k satisfies (3.34) and (3.35), they follow very faithfully the numerical
results over the whole available range of momenta due to the additional sine function. The
structure of the fitting functions is quite interesting. Basically, they consist of the usual
bosonic/fermionic distributions4 multiplied by perturbative suppression g2/4pi.
4 Summary
In this paper, we have described the effect of interactions in theories where the particle
production is caused by a time-varying background field. The necessary formalism has
been introduced and analytic and numerical calculations have been performed in a simple
but illustrative model. As a general conclusion, we have shown that the amount of pro-
duced particles is related not only to the usual Bogoliubov coefficients βk but also to the
magnitude and nature of the interaction terms. In order to evaluate interaction effects and
4It is interesting to notice that the expression
[
exp
(
pik2/g|v|)± 1]−1 drops at high momentum much
faster than the numerical results.
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Figure 4: Numerical results of distribution functions for massless particles nφk, nψφk (thick
lines) and their corresponding fitting functions for various couplings g = 0.5, 1, and 2 (thin
lines). The initial values for numerical results are φ(t = 0) = 5.0 + 0.05i and φ˙(t = 0) =
−0.5 (in Figure 2). For the fitting functions we set |v| = 0.5, t∗ = 10 which are chosen to
be consistent with initial conditions for numerical results.
to compare their impact with a contribution coming from βk, we have considered a specific
(supersymmetric) model which contains both massless fields φ, ψφ (βk = 0) and massive
fields χ, ψχ whose mass is varying in time due to a background field 〈φ〉 (hence these fields
have βk 6= 0). As the result, we have found not only explicit results for massive particles
but also quite interesting effects for massless particles, which are induced by interactions
of massless fields with massive ones and, directly and indirectly, with the background field.
As illustrated by the fitting functions, the massless distribution is suppressed by a factor
about g2/4pi compared with the usual bosonic/fermionic distributions. Since these results
are derived by the perturbative method, they are not necessarily valid in the truly strong
coupling region. However, we can safely conclude that it is possible to create a sizeable
amount of particles with the help of interaction effects if the coupling is reasonably strong.
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A Helicity of fermions
In the fermionic deliberations we use the eigenvector of the helicity operator esk (s = ±)
satisfying the relation
kiσ¯iesk = s|k|σ¯0esk.
Particular representation of this eigenvector is given by
eskα =
1√
2
( √
1− sk3/|k|
−seiθk
√
1 + sk3/|k|
)
α
,
which implies the following relations:
eskαe
s†
kα˙ =
1
2
(
σ0 − sσ
iki
|k|
)
αα˙
, es†α˙k e
sα
k =
1
2
(
σ¯0 − sσ¯
iki
|k|
)α˙α
(no summation over s).
In this paper we choose orthogonality conditions of the form
es†k σ¯
0erk = e
r
kσ
0es†k = δ
sr, es−ke
r
k = se
iθkδsr,
where eiθk is a phase factor defined as
eiθk ≡ k
1 + ik2√
(k1)2 + (k2)2
.
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